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We provide quantitative bounds on the characterisation of multiparticle separable states by states 
that have locally symmetric extensions. The bounds are derived from two-particle bounds and relate 
to recent studies on quantum versions of de Finetti's theorem. We discuss algorithmic applications 
of our results, in particular a quasipolynomial-time algorithm to decide whether a multiparticle 
quantum state is separable or entangled (for constant number of particles and constant error in the 
LOCC or Frobenius norm). Our results provide a theoretical justification for the use of the Search 
for Symmetric Extensions as a practical test for multiparticle entanglement. 



Entanglement between two particles is a fundamen- 
tal resource in quantum communication theory, being of 
vital importance in quantum teleportation [T], quantum 
key distribution as well as more exotic tasks such as 
the simulation of noisy channels by noiseless ones [H [5] . 
The most famous criterion to decide whether or not a 
state is entangled is the Peres- Horodecki test [BJ [7]: it 
is based on the observation that the partial transpose of 
a separable state is positive semi-definite and hence, if 
the partial transpose of a quantum state pab is not posi- 
tive semi-definite, then pab must be entangled. Unfortu- 
nately, this criterion is only complete for two-by-two and 
two-by-three dimensional systems thanks to the famous 
entangled PPT states [25] [5]. 

A hierarchy of separability criteria that detects ev- 
ery entangled state is the Search for Symmetric Exten- 
sions [18]. This hierarchy is based on the observation 
that if Pab is separable, i.e. of the form J2iPi\'t'i){'t'i\A'S^ 
then for every k, we can define the state 
Yl,iPi\4>i){4>i\T ® IV'j)(^i|B which is manifestly symmet- 
ric under the permutation of the A systems and extends 
the original state pab [27]- Hence if for some k a given 
state Pab does not have an extension to k copies of A 
that is symmetric under interchange of the copies of A, 
then it must be entangled. The fc'th separability crite- 
rion is thus the search for a symmetric extension to k 
copies of A. Quantum versions of the famous de Finetti 
theorem from statistics show that this hierarchy of crite- 
ria is complete [5HT5] — i.e. every entangled state fails 
to have a symmetric extension for some k — and even 
provide quantitative bounds for the distance to the set of 
separable states measured in the trace norm [TH [T3] (see 
Figure [T]). 

Interestingly, these bounds can be improved if we re- 
strict the hierarchy to PPT states as has been shown 
in [ini [U] following a proposal to use the search for 
such extensions by semidefinite programming as a test 
to detect bipartite entanglement [TH]. Whereas the algo- 
rithm works well in practice, from the bounds one can 
only infer a runtime exponential in the dimension the 
state, suggestively in agreement with the well-known re- 



sult that the separability problem is NP-hard [THl 1^ . 
In recent work, we have shown together with Jon Yard 
that the algorithm runs in quasipolynomial time (even 
without the PPT constraints) for constant error when 
one is willing to consider the weaker LOCC or Frobe- 
nius norms [211 122] ■ The LOCC norm is an operationally 
defined norm giving the optimal probability of distin- 
guishing two two-particle states by local operations and 
classical communication j28j . 

Following their work in the two-particle case, Doherty 
et al. proposed a similar search for extensions in order 
to detect multiparticle entanglement [23] . With this Let- 
ter we provide a quantitative analysis of this proposal. 
We do this by deriving a bound on the distance between 
multiparticle states that have symmetric extensions and 
multiparticle separable states in terms of the correspond- 
ing two-particle bounds. We illustrate the analysis by 
considering the best known two-particle bounds for the 
norms mentioned above. As in the two-particle case, the 
LOCC and Frobenius norm result is shown to imply a 
quasipolynomial-time algorithm for the detection of en- 
tanglement for a constant number of parties and for con- 
stant error. The practical use of the Search for Symmet- 
ric Extensions as multiparticle entanglement criteria has 
therefore been given a theoretical underpinning with this 
work. 

We also show how our results can lead to novel quan- 
tum versions of de Finetti's theorem. Whereas we do not 
obtain new insights for the trace norm, we obtain a de 
Finetti theorem in the LOCC norm that depends only 
logarithmically on the local dimension. This stands in 
sharp contrast to the trace norm case, where the depen- 
dence on the local dimension is at least linear |15^. 

The Letter is structured as follows. First we intro- 
duce the notation needed to study symmetric extensions 
of multiparticle quantum states. We then provide the 
quantitative analysis of the search for extensions as a cri- 
terion for entanglement and separability and discuss al- 
gorithmic applications. Subsequently, we derive the novel 
quantum de Finetti theorem before concluding this Let- 
ter with a discussion of the practical implications of this 
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FIG. 1: Illustration of the hierarchy for two particles 
work. 

Symmetric Extensions: We denote by Ai,A2,--- 
Hilbert spaces of finite but possibly different dimen- 
sion |Aj|. We let 5ai:A2:---:A„ conv{|(/)i)((^i|Ai 
\4'2){(f>2\A2 ■ ■ • "9 \(t>N){(f>N\An} be the set of separable 
states, where conv denotes the convex hull. We also de- 
fine the convex sets of symmetrically extendible states 
^'ai'a2---'^-An consisting of all PAi---An for which there is 
a state Ps^-i(Ai)-s''jv(a„) with 

PAi--Ak — t^'Ajl^^-.-Aj,""^ (pS'=l(Ai)---S'=N(yljv)) • 

Here, S'^(A) denotes the symmetric subspace of A'' = 
A^'' and tr^t-i stands for the partial trace of all but one 
of the A systems j29j . 

In order to measure distances between quantum 
states we consider a norm 1 1 * 1 1 that is defined for 
all spaces of linear operators C{Ai (g) ■ ■ ■ (E) An) and 
that may depend on the decomposition into tensor 
factors (here indicated by colons) satisfying the fol- 
lowing compatibility conditions: For all finite dimen- 
sional Ai,A2,---,An,A[,A'2,---,A'j^,A' and for all 
completely positive trace preserving maps : C{Ai) — > 
C{A'^) we have 

\\Al (g) A2 (g) ■ ■ ■ (g) An{*)\\a[:A',:-:A'^ 

< II * |Ui:A2:-:A„. (1) 

and 

II * |U':Ai:A2:--:Ajv < II * I U' Ai : A2 :---:Ajv • (2) 

An example of a norm which satisfies the two condi- 
tions is the trace norm which can be written in the form 

||A:||i= max tr((2M-l)X). 

0<M<1 



Note that it is independent of the split of the total Hilbert 
space into tensor products. A second norm satisfying the 
conditions is the LOCC norm, defined in analogy with the 
trace norm as 

II^IIlocc ^ max tr((2M- 

where LOCC is the convex set of matrices < M < 1 
such that there is a two-outcome measurement {M, 1 — 
M} that can be reahzed by LOCC. Note that the LOCC 
norm does depend on the tensor product split. 

We say that S = d{\A\,\B\,k) is a two-particle bound 
for a norm 1 1 * 1 1 if for all pab G ^Al-b there exists a G Sa.b 
with (see Figure [I]) 

\\p-a\\A:B<S{\A\,\B\,k). 

Note that S{\A\,\B\,k) does not equal S{\B\,\A\,k) in 
general. In fact, all known bounds either depend only 
on \A\ or only on |i3|. 

Main Results: We derive two results that quantify 
the closeness of a separable state to a symmetrically 
extendible multiparticle state in terms of two-particle 
bounds. The first result is tailored to a two-particle 
bound that only depends on the dimension of A. For 
notational simplicity, we disregard the dimension of B 
by upper bounding it with oo. 

Theorem 1. Let || * || be a norm that satisfies ([T]) and 
Q and assume that S{\A\, \B\, k) is a two-particle bound 
for II * II . Then for all p G ^Ai'-^42''-''Xv ^^^'^^ exists a G 

'5Ai:A2:---:Ajv with 

N-1 

I|P- f^lUi:A2:-:A„ ( |-4, | , OO , fc^) . 

Proof. By assumption there exists an extension 

Ps'=i(Ai)s'=2(A2)-s^iv(A„) of PaiA2-a„- Since clearly 

PAiS'=2(A2)-S'»iv(A„) e '^'ai':S'=2(A2)---S'=«(A«) ^^^^^ ^^"^^^^ ^ 

state o-^iS''2(A2)-S'=«(A„) of form 

'^AiS'=2(A2)-S'=iv(A„) ^"^PiiXX ® ^S'=2(A2)-S'="(A„) 
il 

such that 

l|p-C^llAi:S''2(A2)-S'=iv(Aiv) ^ S{\Ai\,00,ki). 

We now apply the same reasoning to each of the 
Pot.,^ A -^ c.fc„^ ^ ^ and find that there are states 

'^S'=2 (A2)---S"N (An I 

rr*i — \ " „. , . ^ni2 ^ Jii2 

A2S'=3(A3)---S'=iV(A„) Z^i'i2\iiXA2 ^ I''s''3{A3)---S>'n(An) 
^2 

satisfying 

Hp'' -'7*'llA2:S'=3(A3)-S'=iv(A„) ^ ^ (|^2 1 , OO, fcg) . 
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We continue this way until 



^ \\a 



i:S'=«(Ajv) 
< (5(|AAr_i|,CX),fcAr_i) 



for 



a 



lll2---»JV-2 



Ajv_iS''-«(Ajv) 



^ ' Pijv-i|ii 



«2---i]V-2 



«1«2' 



In all estimates we now take the partial trace over the re- 
maining extensions and append x^j^ ®')Ca.^®' ' '®Xa^ *^ 

to the states *^ & and a'Y a . Since both op- 
erations are CPTP maps, this keeps the estimates valid 
due to ([l]). Then we convert all the bounds into the 
norm || * ||ai:A2: - :A3 using Finally, we combine all 
the estimates with help of the triangle inequality. □ 

A first corollary is obtained by combining the theorem 
with the quantum de Finetti theorem from ^15^. From it, 
we recover the first part of the statement [IHl Theorem 
1] when all ki approach infinity |30j . 

Corollary 1. For all p G ^^-^- 'a^-^-An ^'^sre exists a G 

5ai:A2:---:Ajv With 



N-l 



^lli<45] 



In particular, for N systems of identical dimension d, 
there is an algorithm for deciding separability up to error 
e in the trace norm running in time exp{0{dN log y)). 

Proof. The claim follows from the bound ^(|^|, \B\, k) = 



i\A\ 



in trace norm obtained in 1151 Theorem II.S'l. In 



order to investigate a bound on the runtime of the al- 
gorithm that searches for symmetric extensions, fix an 
error e > 0, in other words, choose k = \£~^{N — l)d~\. 
The dimension of the space in which we search for an 
extension then has dimension 



d-1 



dN 

< cxp(C»(diVlog )). 

e 



Since the search for an extension is a semidefinite pro- 
gramme running in time polynomial in the number of 
variables (which is quadratic in the dimension), we ob- 
tain the claimed time complexity (cf. [22] for more details 
in the bipartite case). □ 



A second corollary of Theorem [T] concerns the useful- 
ness of combining the search for symmetric extensions 
with the PPT test. For this let S'l^'^l-r''^'^^'^ denote 
the set of states that have a symmetric extension which 
is furthermore PPT with respect to any partition of the 
particles into two groups |31j . 



Corollary 2. For all p G ^^-^^a^-.^'^-'a^^'^ there exists 

a G 5ai:A2:---:Ajv With 



\p-cj\\i < O 



fN-l 



, i=l 



A, 



Proof. We wish to use the two-particle bound of Navas- 
cues et al. [TSIIII] in the proof of Theorem [l] In order to 
do so, we need to assert that the states p'i*2 - 'i that are 
being constructed with help of the construction of [TH1IT7] 
are again PPT so that we can use their bound again. 
But this is guaranteed since by inspection of the proof 
in [HI [T7j the states are obtained by post-selection and 
hence retain their property of being PPT since the exten- 
sion is PPT across the cut S'^' (A,) : Jl^i+i S*^' (^i)- □ 



The following theorem is an alternative to Theorem [T] 
tailored to two-particle bounds that only depend on the 
dimension of B. It will be particularly useful when con- 
sidering the LOCC and Frobenius norms. 

Theorem 2. Let || * || be a norm that satisfies 
([T]) and ([2]), assume that 5{\A\,\B\,k) is a two- 
particle bound for || * || and set (fci, fc2, ' ' ' fcjv-i, 1) '■= 
{£i£2---eN-i,i2i3---eN-i,--- Jn^iA). For all p G 



ki, 



Ai:A2:- 



there exists a G Sai:A2:---.An with 

N-l 

\P- Cr\\Ai:A2:---.AM <^H'^, \At+l\Jt) . 
i=l 



Proof. By assumption there exists an extension 

^s''i(Ai)s'=i(A2)--s'''"-i(^iv-i)A„ PAiA2---An- Smce 
clearly G ^b'I'^^Aj,' where 

Bn-1 S'=i/^"-i(Ai)S'=^/^"-H^2) 

•••S'="-^/^"-K^iV-2)A^-l, 



there exists a state 



satisfying 



IPBn-iAp 



iAmW < <5(oo, \An\Jn-i)- 



N-l 



We then repeat the same argument for the states pg 
thereby decoupling system Aj^_i from 

Bn-2 :=S''i/(^"-^^"-i)(Ai)S''2/('^"-^^"-i)(A2) 

• • • S'^"-^/(^"-^^"-i)(AAr_3)^JV-2. 



We continue this way until we have decoupled A2 from 
Bi := Al. We then combine all the estimates with help of 
the triangle inequality and properties ([T]) and ^ which 
proves the claim. □ 
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The following corollary of Theorem [2] shows that de- 
tecting multiparticle separability is much more efficient 
than what was previously anticipated. 



Corollary 3. Set (fci, fc2, • • • fcAr_] 

i£i£2---eN-ij2e3---eN-i,--- Jn-i,i); 

all p G S'ai'a'^^^.-An ihere exists a G Sai:A2:- 



,1) 



then for 
4„ with 



N-l 



\P - ^\\LOCC(Ai:A2:---.AN) ^ 



;ln2 ^ 



'log I A, 



and 




\\P- 



In particular, deciding separability up to error e, 
in LOCC or Frobenius norm, can be done in 
time exp(0(e-2(JV-i)^27V-i]-[^^^log|^.|))^ j„ 

quasipolynomial-time for constant error and a constant 
number of parties. 

Proof. The claim follows from the bound ^(|^|, \B\, k) — 

817^2 in LOCC norm obtained in [HJ Corollary 2]. 

Since the Frobenius norm does not satisfy ([T]), we care- 
fully go through the proof with the LOCC norm, trace 
out where needed and then replace all norms by Frobe- 
nius norms using the following identity between them, 
proved in \\ * \\locc > 7=11 * h- 

In order to investigate a bound on the runtime of the 
algorithm that searches for symmetric extensions, fix an 



error e > 0. Setting t 



,{N-l)^e-Hog\A+i\we 



' (8 In 2) 

see that the error is at most e. The runtime then equals 
a polynomial in the number of variables, which is smaller 
than |Ajv||Ajv-i|^~-^ = exp(0((Af - 



1) 



2JV-1 2(Ar-i) ■ 



ntilogl^.D) since |S'=(A)| < \A[ 



□ 



Recovering a quantum de Finetti theorem: The fi- 
nal result shows that one can obtain a quantum de Finetti 
theorem from the bounds derived above. 

Theorem 3. Let n < N < k and \\* \\ be a norm sat- 
isfying ([T]), ([2| and ||*||<||*||i. For all permutation- 
invariant states pAk f33\j there exists a state aj^k = 

Y.^P^<yf'' With 



\PA" 



(Ta^\\A:A:-:A < (iV - l)(5(oO, |^| , fc « ) -f 2 



N 



Proof. We first apply Theorem [2] and subsequently |251 
Theorem 6]. □ 

A direct consequence of the previous theorem is a de 
Finetti theorem in LOCC norm which only depends log- 
arithmically on the local dimension. 



Corollary 4. Let n < N < k. For all permutation- 
invariant .states pAk there exists a state aAk — X^i-Pi'^A^ 
with 



\\PAk - (T A*'\\lOCC(A:A:-:A) < i^V - 1) h 2 — 

1^ 2N 1\ 

which goes to zero for n « N « k (e.g. for constant 
n, N = \/log k and A; — > oo 

Proof. The claim follows directly from Theorem [3] and 
dH Corollary 2]. □ 



Discussion: Fast algorithms for deciding separability of 
quantum states are important both from a theoretical 
perspective in quantum information theory and from the 
point of view of experimental work in the generation of 
multiparticle quantum states. There one is typically in- 
terested in showing that the state created is entangled, 
as a proof of a successful implementation of the exper- 
iment. It is therefore of great interest to devise better 
algorithms for separability and to understand the strent- 
ghs and limitations of current techniques. In this work we 
have shown that the detection of multiparticle entangle- 
ment can be done much faster than what was previously 
thought. Our result gives conclusive evidence for the use 
of the Search for Symmetric Extensions as a practical 
test of separability and we hope it fosters further theo- 
retical and experimental investigation on the detection of 
multiparticle entanglement. 
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[26] A state is called PPT if its partial transpose is positive 
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[27] We say that a state pen extends pc iitropCD = pc- 
[28] An algorithm has an error of at most e if it identifies all 
separable states correctly as well as all states that have 
at least distance e to the set of separable states in the 
chosen norm. 

[29] For a permutation vr of fc elements define Utt by 
C/„|ii)|i2)--- life) = \K-Hi))\in-H2)) ■ ■ - K-Hk))- S*(^) 
then equals the vector space consisting of all \ip) £ A®*^ 
that satisfy U-n\il)) = \'4>) for all tt. 

[30] The uniqueness of the probability measure (second part 
of the statement) does not hold in general in this formu- 
lation because there exist different decompositions of a 
separable quantum state. The use of uniqueness of the de 
Finetti theorem is for the same reason also not applicable 
in the proof of the first part of the statement. 

[31] In fact, for our purpose it will suffice to de- 
mand that the extension be PPT across the 
cuts S''-'(ylO : nf=,+iS''''(AO and S'=^'\A,) : 

S*»/2(A0n7..+i S'=-(AO. 
[32] The latter is a good bound for large \A\, a regime in 

which we are interested. 
[33] A state is permutation-invariant if for all permutations 

TT of elements U^Pa'' Ul = p^t . 



